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Abstract
In this work we deal with degenerate parabolic equations with three lines of
degeneration. Using ”a-b-c” method we prove the uniqueness theorems defining
conditions to parameters. We show nontrivial solutions for considered problems,
when uniqueness conditions to parameters, participating in the equations are
not fulfilled.
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1 Introduction
Degenerate partial differential equations have many applications in practical
problems. Even finding some particular solutions for these kinds of equations is
interesting for specialists in numerical analysis.
We note works by Friedman, Gorkov [1,2] on finding solutions for degenerate
parabolic equations. Regarding the usage of nonlocal conditions used in the
present work for parabolic equations we cite the work by Shopolov [4]. There
are some papers [3,6-12] containing interesting results on investigation various
type of degenerate partial differential equations. For detailed information on
degenerate partial differential equations one can find in the monograph [5].
This work is continuation of the work [13] and only for convenience of the
reader we did not omit some details of proofs.
1
2 Boundary problem with nonlocal condition for
parabolic equations with three lines of degen-
eration
Let Ω be a simple-connected bounded domain in R3 with boundaries Si (i =
1, 6). Here
S1 = {(x, y, t) : t = 0, 0 < x < 1, 0 < y < 1} ,
S2 = {(x, y, t) : x = 1, 0 < y < 1, 0 < t < 1} ,
S3 = {(x, y, t) : y = 0, 0 < x < 1, 0 < t < 1} ,
S4 = {(x, y, t) : x = 0, 0 < y < 1, 0 < t < 1} ,
S5 = {(x, y, t) : y = 1, 0 < x < 1, 0 < t < 1} ,
S6 = {(x, y, t) : t = 1, 0 < x < 1, 0 < y < 1} .
We consider a degenerate parabolic equation
xnymut = t
kymuxx + t
kxnuyy − λtkxnymu (1)
in the domain Ω. Here m > 0, n > 0, k > 0, λ = λ1 + iλ2, λ1, λ2 ∈ R.
The problem 1. To find a function u (x, y, t) satisfying the following con-
ditions:
1. u (x, y, t) ∈ C (Ω) ∩ C2,2,1x,y,t (Ω);
2. u (x, y, t) satisfies the equation (1) in Ω;
3. u (x, y, t) satisfies boundary conditions
u (x, y, t) |S2∪S3∪S4∪S5 = 0 ; (2)
4. and a non-local condition
u (x, y, 0) = αu (x, y, 1) . (3)
Here α = α1 + iα2, α1, α2 are real numbers, moreover α
2
1 + α
2
2 6= 0.
Theorem 1. If α21 +α
2
2 < 1, λ1 ≥ 0 and exists a solution of the problem 1,
then it is unique.
Proof: Let us suppose that the problem 1 has two solutions u1, u2. Denoting
u = u1 − u2 we claim that u ≡ 0 in Ω.
First we multiply equation (1) to the function u (x, y, t), which is complex
conjugate function of u (x, y, t). Then integrate it along the domain Ωε with
boundaries
S1ε = {(x, y, t) : t = ε, ε < x < 1− ε, ε < y < 1− ε} ,
S2ε = {(x, y, t) : x = 1− ε, ε < y < 1− ε, ε < t < 1− ε} ,
S3ε = {(x, y, t) : y = ε, ε < x < 1− ε, ε < t < 1− ε} ,
S4ε = {(x, y, t) : x = ε, ε < y < 1− ε, ε < t < 1− ε} ,
S5ε = {(x, y, t) : y = 1− ε, ε < x < 1− ε, ε < t < 1− ε} ,
S6ε = {(x, y, t) : t = 1− ε, ε < x < 1− ε, ε < y < 1− ε} .
2
Then taking real part of the obtained equality and considering
Re
(
tkymuuxx
)
= Re
(
tkymuux
)
x
− tkym |ux|2 ,
Re
(
tkxnuuyy
)
= Re
(
tkxnuuy
)
y
− tkxn |uy|2 ,
Re (xnymuut) =
(
1
2
xnym |u|2
)
t
,
after using Green’s formula we pass to the limit at ε→ 0. Then we get
∫∫
∂Ω
Re
[
tkymuux cos (ν, x) + t
kxnuuy cos (ν, y)− 12xnym |u|2 cos (ν, t)
]
dτ
=
∫∫∫
Ω
(
tkym |ux|2 + tkxn |uy|2 + λ1tkxnym |u|2
)
dσ,
where ν is outer normal. Considering Re [uux] = Re [uux] , Re [uuy] = Re [uuy] ,
we obtain
Re
∫∫
S1
1
2
xnym |u|2 dτ1 +
∫∫
S2
tkymRe [uux] dτ2 −
∫∫
S3
tkxnRe [uuy] dτ3
−
∫∫
S4
tkymRe [uux] dτ4 +
∫∫
S5
tkxnRe [uuy] dτ5 − Re
∫∫
S6
1
2
xnym |u|2 dτ6 = (4)
=
∫∫∫
Ω
(
tkym |ux|2 + tkxn |uy|2 + λ1tkxnym |u|2
)
dσ.
From (4) and by using conditions (2), (3), we find
1
2
[
1− (α21 + α22)]
1∫
0
1∫
0
xnym |u (x, y, 1)|2 dxdy+
+
∫∫∫
Ω
(
tkym |ux|2 + tkxn |uy|2 + λ1tkxnym |u|2
)
dσ = 0. (5)
Setting α21 + α
2
2 < 1, λ1 ≥ 0, from (4) we have u (x, y, t) ≡ 0 in Ω.
Theorem 1 is proved.
We find below non-trivial solutions of the problem 1 at some values of pa-
rameter λ for which the uniqueness condition Reλ = λ1 ≥ 0 is not fulfilled.
We search the solution of Problem 1 as follows
u (x, y, t) = X (x) · Y (y) · T (t) . (6)
After some evaluations we obtain the following eigenvalue problems:{
X ′′ (x) + µ1x
nX (x) = 0,
X (0) = 0, X (1) = 0;
(7)
3
{
Y ′′ (y) + µ2y
mY (y) = 0,
Y (0) = 0, Y (1) = 0;
(8)
{
T ′ (t) + (λ+ µ) tkT (t) = 0,
T (0) = αT (1) .
(9)
Here µ = µ1 + µ2 is a Fourier constant.
Solving eigenvalue problems (7), (8) we find
µ1l =
(
n+ 2
2
µ˜1l
)2
, µ2p =
(
m+ 2
2
µ˜2p
)2
, (10)
Xl (x) = Al
(
2
n+ 2
) 1
n+2
µ
1
2(n+2)
1l x
1
2J 1
n+2
(
2
√
µ1l
n+ 2
x
n+2
2
)
, (11)
Yp (y) = Bp
(
2
m+ 2
) 1
m+2
µ
1
2(m+2)
2p y
1
2J 1
m+2
(
2
√
µ2p
m+ 2
x
m+2
2
)
, (12)
where l, p = 1, 2, ..., µ˜1l and µ˜2p are roots of equations J 1
n+2
(x) = 0 and
J 1
m+2
(y) = 0, respectively, Jp(·) is the first kind Bessel function of p-th or-
der.
The eigenvalue problem (9) has non-trivial solution only when

α1
α21+α
2
2
= e−
λ1+µlp
k+1 cos λ2
k+1
,
α2
α21+α
2
2
= e−
λ1+µlp
k+1 sin λ2
k+1
.
Here λ = λ1 + iλ2, α = α1 + iα2, µlp = µ1l + µ2p. After elementary
calculations, we get
λ1 = −µlp + k + 1
2
ln
(
α21 + α
2
2
)
, λ2 = (k + 1)
[
arctan
α2
α1
+ spi
]
, s ∈ Z+.
(13)
Corresponding eigenfunctions have the form
Ts (t) = Cse
[
− ln
√
α21+α
2
2−i
(
arctan
α2
α1
+spi
)]
tk+1
. (14)
Considering (6), (11), (12) and (14) we can write non-trivial solutions of the
problem 1 in the following form:
ulps (x, y, t) = Dlps
(
2
n+ 2
) 1
n+2
(
2
m+ 2
) 1
m+2
µ
1
2(n+2)
1l µ
1
2(m+2)
2p
√
xy
×J 1
n+2
(
2
√
µ1l
n+ 2
x
n+2
2
)
· J 1
m+2
(
2
√
µ2p
m+ 2
y
m+2
2
)
e
[
− ln
√
α21+α
2
2−i
(
arctan
α2
α1
+spi
)]
tk+1
,
where Dlps = Al · Bp · Cs are constants.
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Remark 1. One can easily see that λ1 < 0 in (13), which contradicts to
condition Reλ = λ1 ≥ 0 of the Theorem 1.
Remark 2. The following problems can be studied by similar way. Instead
of condition (2) we put zero conditions on surfaces as follows:
Problem’s name P2 P3 P4 P5 P6 P7 P8 P9
S2 ux u u ux u u ux u
S3 uy u uy u uy u u u
S4 u ux u ux u ux u u
S5 u uy uy u u u u uy
3 Boundary problem with two nonlocal condi-
tions
We consider equation
tkymUxx − tkxnUy − xnymUt − ΛxnymtkU = 0 (15)
in the domain Ω. Here m,n, k > 0, Λ = Λ11 + Λ21 + i (Λ12 + Λ22) , Λjj ∈ R.
The Problem A. To find a function U(x, y, t) from the class of
W =
{
U(x, y, t) : U ∈ C (Ω) ∩C2,1,1x,y,t (Ω)}
satisfying equation (15) in Ω and boundary condition
U (x, y, t) |S2∪S3 = 0 , (16)
nonlocal conditions
U (x, 0, t) = βU (x, 1, t) , (17)
U (x, y, 0) = γU (x, y, 1) . (18)
Here γ = γ1 + iγ2, β = β1 + iβ2.
Theorem 2. If β21 + β
2
2 < 1, γ
2
1 + γ
2
2 < 1, Λ11 + Λ21 ≥ 0 and exists a
solution of the problem A, then it is unique.
Proof of this theorem will be done similarly as in the Theorem 1. Nontrivial
solutions of this problem can be written as follows:
Uls (x, y, t) = Els
(
2
n+ 2
) 1
n+2
µ
1
2(n+2)
1l
√
xJ 1
n+2
(
2
√
µ1l
n+ 2
x
n+2
2
)
×e
[
− ln
√
β21+β
2
2−i
(
arctan
β2
β1
+spi
)]
ym+1
e
[
− ln
√
γ21+γ
2
2−i
(
arctan
γ2
γ1
+spi
)]
tk+1
,
where Els are constants.
We note that above given nontrivial solutions exist only when

β1
β21+β
2
2
= e−
Λ11+µ1l
m+1 cos Λ12
m+1
,
β2
β21+β
2
2
= e−
Λ11+µ1l
m+1 sin Λ12
m+1
,
γ1
γ21+γ
2
2
= e−
Λ21+µ1l
k+1 cos Λ22
k+1
,
γ2
γ21+γ
2
2
= e−
Λ21+µ1l
k+1 sin λ22
k+1
.
5
Here
Λ11 = −µ1l + (m+ 1)ln
√
β21 + β
2
2 , Λ12 = (m+ 1) arctan
β2
β1
,
Λ21 = −µ1l + (k + 1)ln
√
γ21 + γ
2
2 , Λ22 = (k + 1) arctan
γ2
γ1
.
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